Consequences of lattice imperfections and interchain couplings for the
  critical properties of spin-1/2 chain compounds by Sirker, J.
ar
X
iv
:0
90
5.
10
75
v1
  [
co
nd
-m
at.
str
-el
]  
7 M
ay
 20
09
Condensed Matter Physis, ????, Vol. ?, No ?(??), pp. 1??
Consequenes of lattie imperfetions and interhain
ouplings for the ritial properties of spin-1/2 hain
ompounds
J. Sirker
Max-Plank-Institute for Solid State Researh, D-70569 Stuttgart, Germany
November 19, 2018
To allow for a omparison of theoretial preditions for spin hains with experimental data, it is often important
to take impurity eets as well as interhain ouplings into aount. Here we present the eld theory for nite
spin hains at nite temperature and alulate experimentally measurable quantities like suseptibilities and
nulear magneti resonane spetra. For the interhain ouplings we onentrate on geometries relevant for
uprate spin hains like Sr2CuO3 and SrCuO2. The eld theoretial results are ompared to experimental as
well as numerial data obtained by the density matrix renormalization group.
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1. Introdution
A large number of materials are known whih, over a ertain temperature range, are well de-
sribed by simple spin hain or ladder models [111℄. In all these Mott insulators the superexhange
onstants are spatially very anisotropi so that a three-dimensional rystal eetively shows one-
dimensional magneti properties. In one of the best known spin-1/2 hain ompounds Sr2CuO3, for
example, the superexhange onstant along the hain diretion J ∼ 2200 K whereas the magneti
ouplings J⊥ along the other diretions are at least three orders of magnitude smaller [1, 8℄. In
suh a system one an therefore experimentally explore the physial properties of a spin hain over
a very wide temperature range J⊥ ≪ T . J . From a theoretial perspetive this is very exiting
beause it allows to study experimentally many aspets of one-dimensional eld theories [1214℄.
In addition, the ideal Heisenberg spin-1/2 hain is integrable so that ompounds well desribed
by this model make it possible to experimentally address the question how physial properties,
in partiular, transport, are aeted by a nearby integrable point [24℄. Here the innite set of
onstants of motion making the model integrable is expeted to slow down the deay of urrent
orrelations - or even prevent them from deaying ompletely - leading to anomalous transport
properties [15℄.
In real materials, however, we are always onfronted with impurities and lattie imperfetions
whih weaken or even ompletely destroy a superexhange bond between two spins. Beause a weak-
ening of a bond is a relevant perturbation in the renormalization group (RG) sense, we have to deal
- at least at low temperatures - with nite hains with open boundary onditions (OBCs). Measure-
ments on suh systems then orrespond to taking averages over ensembles of nite hain segments
with lengths determined by a distribution funtion [16, 17℄. Furthermore, the desription by a one
dimensional model will break down for temperatures T ∼ J⊥ where usually a three-dimensional
magneti order sets in. However, even for temperatures above this ordering temperature interhain
ouplings an have a signiant eet whih has to be taken into aount.
In the following, we will study the anisotropi spin-1/2 Heisenberg hain (XXZ model) with N
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Figure 1. A non-magneti impurity in (a) a single spin hain, (b) in a spin hain oupled to
a neighboring hain by a ladder-like interhain oupling, and () in a spin hain oupled in a
zigzag fashion to a neighboring hain.
sites and OBCs
H = J
N−1∑
j=1
[
Sxj S
x
j+1 + S
y
j S
y
j+1 +∆S
z
j S
z
j+1
]− h N∑
j=1
Szj . (1.1)
Here J is the exhange onstant and h the applied magneti eld. Although exhange anisotropies
due to spin-orbit oupling are usually rather small so that experimentally only the isotropi ase
∆ = 1 is relevant, the additional parameter ∆ is useful for the eld theoretial alulations in
setion 3. There are two important onsequenes of the OBCs. First, expetation values of loal
operators beome position dependent beause translational invariane is broken. In the following
we will in partiular study the loal suseptibility dened as
χj =
∂
∂h
〈Szj 〉h=0 =
1
T
〈Szj Sztot〉h=0 (1.2)
where Sztot =
∑
j S
z
j . Seond, there are well dened boundary ontributions to all thermodynami
quantities. For N →∞ the total free energy F is, for example, given by
F = Nfbulk + FB +O(1/N) , (1.3)
where FB is the boundary free energy. Similarly, one an dene a boundary suseptibility χB [18
22℄. These boundary or surfae terms will be studied here as well. The loal suseptibility dened
in Eq. (1.2) an be related to the boundary suseptibility by
χB = lim
N→∞
 N∑
j=1
χj −Nχbulk

(1.4)
where χ
bulk
is the bulk suseptibility dened analogously to the bulk free energy in Eq. (1.3).
For the interhain ouplings we will onsider two dierent ases relevant for many materials.
One is a simple ladder-like antiferromagneti oupling between neighboring hains as, for example,
in Sr2CuO3 but also many other spin hain ompounds. This ase is shown in Fig. 1(b). The other
is a zigzag ferromagneti oupling between neighboring hains. This kind of interhain oupling is
skethed in Fig. 1() and is relevant, for example, for SrCuO2 [1℄.
To provide an intuitive piture we start with some numerial results for semi-innite spin
hains with geometries as shown in Fig. 1 obtained by the density matrix renormalization group
applied to transfer matries (TMRG) in setion 2. In setion 3 we will then present the eld theory
for nite Heisenberg hains with OBCs at nite temperatures. In setion 4 we use the results
obtained in the previous setion to alulate the suseptibility as an ensemble average over nite
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spin hain segments and show that the obtained results are in good agreement with experimental
measurements. In setion 5 we derive in a similar fashion the nulear magneti resonane (NMR)
spetrum and show that it provides information about the interhain ouplings. Finally, we give a
brief summary and present some onlusions.
2. Numerial results
A method partiularly suited to alulate the thermodynami properties of one-dimensional
systems is the density matrix renormalization group applied to transfer matries (TMRG) [20
28℄. To this end, the one-dimensional quantum system is mapped onto a two-dimensional lassial
system by a Trotter-Suzuki deomposition [2931℄. The additional dimension then orresponds to
the inverse temperature β. For the lassial model a transfer matrix is dened whih evolves along
the spatial diretion. Importantly, one an show that even for a ritial system there is always
a gap between the leading eigenvalue Λ0 and next-leading eigenvalues Λα of the transfer matrix
T with ξ−1α = ln |Λ0/Λα| dening a orrelation length. This makes it possible to perform the
thermodynami limit, i.e., system size N → ∞, exatly. With the TMRG one an treat impurity
problems [21, 22, 32℄ as well as frustrated systems [33℄ making it the ideal numerial tool to study
the problem onsidered here.
We will start by investigating the loal suseptibility as dened in Eq. (1.2) for a semi-innite
hain. By this we mean a hain whih is innitely long but has one end with OBCs. To obtain
χj we alulate the loal magnetization 〈Szj 〉 for small magneti elds h/J ∼ 10−2 and take a
numerial derivative. Within the transfer matrix formalism the loal magnetization is given by
lim
N→∞
〈Szj 〉 =
〈Ψ0L|T (Sz)T j−1T˜ |Ψ0R〉
Λj0〈Ψ0L|T˜ |Ψ0R〉
. (2.1)
Here T˜ is a modied transfer matrix ontaining the broken bond, T (Sz) is the transfer matrix
with the operator Sz inluded, and |Ψ0R〉 (〈Ψ0L|) the right (left) eigenstates belonging to the largest
eigenvalue Λ0, respetively. Far away from the boundary 〈Szj 〉 beomes a onstant, the bulk mag-
netization
m = lim
j→∞
lim
N→∞
〈Szj 〉 = lim
j→∞
∑
n〈Ψ0L|T (Sz)T j−1|ΨnR〉〈ΨnL|T˜ |Ψ0R〉
Λj0〈Ψ0L|T˜ |Ψ0R〉
=
〈Ψ0L|T (Sz)|Ψ0R〉
Λ0
. (2.2)
By taking again a numerial derivative with respet to a small magneti eld, we an obtain the
bulk suseptibility χ
bulk
from (2.2).
In Fig. 2 the suseptibility prole χj − χbulk for a single semi-innite hain with ∆ = 1 is
shown. As might be expeted, the boundary indues Friedel-like osillations whih beome larger
with dereasing temperature. Interestingly, at low temperatures the osillations rst inrease and
reah a maximum, before deaying at large distanes. This phenomenon has been rst studied by
Eggert and Aek in [34℄ and we will rederive their eld theory result as a speial ase of our more
general onsiderations in setion 3.
Next, we onsider the boundary suseptibility whih we an easily obtain from the suseptibility
prole using Eq. (1.4). The result is shown in Fig. 3. At low temperatures it was shown analytially
that χB ∼ [T ln(T0/T )]−1 with a known onstant T0 [1719℄. The bulk suseptibility, on the other
hand, behaves as χbulk ∼ onst+ ln−1(T0/T ) [12℄, i.e., it goes to nite value at T = 0 with innite
slope. We will ome bak to this in setion 3 but already notie that the numerial data are well
desribed by the eld theory.
Finally, we also have alulated suseptibility proles for the ases of oupled hains shown in
Fig. 1(b) and (). A ladder-like oupling of neighboring hains is, for example, realized in Sr2CuO3
[1℄. In Fig. 4 it is shown that in this ase an impurity in one hain also has a signiant eet on a
neighboring hain without impurities. The Friedel-like osillations are reeted in the impurity-free
3
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Figure 2. χj − χbulk for a semi-innite hain with ∆ = 1 at temperatures T/J =
0.2, 0.1, 0.05, 0.025. The numerial TMRG data (losed symbols) are ompared to the eld
theory formula (3.23) from setion 5 (open symbols).
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Figure 3. The boundary suseptibility χB for ∆ = 1 as obtained by TMRG (symbols) ompared
to the eld theory result (3.20) (line) derived in setion 3 whih is valid at low temperatures.
Inset: Numerial results for the bulk suseptibility χ
bulk
for ∆ = 1 (symbols) ompared to the
eld theory formula (3.19) (line).
hain due to the interhain ouplings. Clearly, the size of the reeted Friedel-like osillations will
depend on the ratio J⊥/T . However, this ratio is not the only relevant fator. The geometry of the
interhain ouplings plays an important role as well. In SrCuO2 neighboring hains are oupled by a
ferromagneti zigzag-type oupling. In this ase an impurity in one hain leaves a neighboring hain
almost unaeted even if the temperature T ∼ J⊥ as is shown in Fig. 5. In setion 5 we will show
that these dierenes an be easily understood if one starts from the eld theory results for a single
hain derived in the next setion and takes the interhain ouplings into aount perturbatively.
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Figure 4. χj −χbulk for ∆ = 1, J⊥ = 0.03 J and T = 0.09 J and a ladder-like interhain oupling
as shown in Fig. 1(b). One of the hains has a non-magneti impurity at site j = 0 (irles)
whereas the other one (diamonds) is innitely long and does not have any impurities. The
numerial TMRG data (losed symbols) are ompared to the eld theory formula (5.4) from
setion 5 (open symbols).
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Figure 5. χj − χbulk for ∆ = 1, J⊥ = −0.1 J and T = 0.09 J with a zigzag interhain oupling
as shown in Fig. 1(). One of the hains has a non-magneti impurity at site j = 0 (irles)
whereas the other one (diamonds) is innitely long does not have any impurities. For this ase
eld theory predits that there are no osillations, χj − χbulk ≈ 0, in the innitely long hain.
3. Field theory for nite spin hains
In the limit of low temperatures and large hain length, the XXZ model (1.1) an be represented
by a eld theory. The main step is a linearization of the dispersion around the two Fermi points.
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A ertain linear ombination of partile-hole exitations around a Fermi point then onstitutes a
olletive bosoni mode desribed by the Luttinger liquid Hamiltonian
H =
v
2
∫ L+a
0
dx
[
Π2 + (∂xΦ)
2
]− h√K
2pi
∫ L+a
0
dx ∂xΦ (3.1)
where v is the spin veloity, L = Na, and a the lattie onstant. The bosoni eld Φ obeys the
standard ommutation rule [Φ(x),Π(x′)] = iδ(x− x′) with Π = v−1∂tΦ. The Luttinger parameter
K is a funtion of the anisotropy ∆ and an be determined exatly by Bethe ansatz with K = 1
at the isotropi point. The spin operators an be diretly expressed in terms of the boson Φ, in
partiular, we have
Szj ≈
√
K
2pi
∂xΦ + c(−1)j cos
√
2piKΦ (3.2)
at zero magneti eld. Here c is an amplitude whih an also be obtained exatly [3537℄. The
separation of Szj into a uniform and a staggered part at low energies an be understood as follows.
In the equivalent spinless fermion representation of the XXZ model, obtained by a Jordan-Wigner
transformation, the Sz operator beomes the density operator. Due to the linearization of the
dispersion the eletrons an live either at the same Fermi point and have therefore small momentum
or they an be situated at dierent Fermi points in whih ase the assoiated momentum is 2kF .
Zero magneti eld orresponds to half-lling for the spinless fermions thus 2kF = pi and we obtain
the staggered ontribution in (3.2). This also means that the loal suseptibility dened in Eq. (1.2)
an be separated at low temperatures into a uniform and a staggered part
χj = χ
uni + (−1)jχstj . (3.3)
In a bulk suseptibility measurement the staggered part does not ontribute. This part is, however,
measurable in probes of the loal magnetism as for example in NMR. We will ome bak to this
point in setion 5.
If one is only interested in orrelation funtions for innite system size at nite temperatures
or orrelation funtions for nite systems at zero temperature, one an make use of the onformal
invariane of the eld theory. It is then suient to alulate the orrelation at zero temperature
and innite system size and use a onformal mapping from the omplex plane onto a ylinder
with the irumferene orresponding either to inverse temperature or system size. Here, we are,
however, interested in the thermodynamis of nite hains and we will therefore have to use an
expliit mode expansion
Φ(x = ja, t) =
√
pi
8K
+
√
2pi
K
Sztot
j
N + 1
+
∞∑
n=1
sin (pinj/(N + 1))√
pin
(
e
−ipinvt
L+a bn + e
i pinvt
L+a b†n
)
(3.4)
whih inorporates the OBCs. Here bn is a bosoni annihilation operator. Eq. (3.4) is a disrete
version of the mode expansions used in [13, 16℄ with x = ja beoming a ontinuous oordinate for
a → 0, N → ∞ with L = Na xed. Using this mode expansion, the loal observables respet the
disrete lattie symmetry j → N +1− j orresponding to a reetion at the entral bond (site) for
N even (odd), respetively. The sites 0 and N + 1 are added to model (1.1) and we demand that
the spin density vanishes at these sites. Therefore the upper boundary for the integrals in (3.1) is
L + a. The zero mode part (rst two terms of Eq. (3.4)) fullls
∑
j S
z
j ≈
√
K
2pi
∫ L+a
0 ∂xΦ ≡ Sztot
and the osillator part (last term of Eq. (3.4)) vanishes for j = 0, N + 1 as required.
For the free boson model the uniform part of the suseptibility an easily be alulated and is
given by [13℄
χuni0 = −
∂2
∂h2
∣∣∣∣
h=0
f0 =
1
NT
∑
Sz
S2ze
− piv
K(L+a)T
S2z∑
Sz
e−
piv
K(L+a)T
S2z
= − 1
4NT
∂2
∂u2
∣∣∣∣
u=0
ln θ
(
e−
piv
K(L+a)T , u
)
(3.5)
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Here θ(q, u) is the ellipti theta funtion of the third kind θ = θ3(q, u) =
∑∞
n=−∞ q
n2ei2nu for
integer Sz (even N) and of the seond kind θ = θ2(q, u) =
∑∞
n=−∞ q
(n+1/2)2ei(2n+1)u for half-
integer Sz (odd N). Note, that χ
uni
0 has a simple saling form as a funtion of NT . The lattie
parameter a appears here due to the OBCs. It leads to a boundary orretion whih we will onsider
later. First, we set a ≡ 0 in (3.5) and onentrate the following limiting ases
χuni0 =

2
TN exp
[− pivKLT ] NT/v→ 0, N even
1
4TN NT/v→ 0, N odd
K
2piv NT/v→∞ .
(3.6)
The Curie-like divergene for N odd is aused by the degeneray of the ground state Sztot = ±1/2.
At low temperatures the whole hain therefore behaves like a single spin. For N even, on the other
hand, the ground state is a singlet, Sztot = 0. At low temperatures the hain beomes loked in this
state leading to an exponentially small suseptibility. In the thermodynami limit, NT/v → ∞,
the suseptibility within the free boson approximation is just a onstant.
The staggered part of the suseptibility, χstj , for a nite hain with OBCs has been alulated
in [37℄. It is given by
χstj = −
c
T
(
pi
N + 1
)K/2 η3K/2 (e− pivTL )
θ
K/2
1
(
pij
N+1 , e
− piv2TL
)∑mm sin[2pimj/(N + 1)]e−pivm2/(KLT )∑
m e
−pivm2/(KLT )
. (3.7)
Here η(x) is the Dedekind eta-funtion and θ1(u, q) the ellipti theta-funtion of the rst kind.
The summation index m runs over all integers (half-integers) for N even (odd), respetively. In the
thermodynami limit, N →∞, we an simplify our result and obtain
χstj =
cK
v
x[
v
piT sinh
(
2piTx
v
)]K/2 (3.8)
with x = ja. This agrees for the isotropi Heisenberg ase, K = 1, with the result in [34℄. The
amplitude c, rst introdued in Eq. (3.2), an be determined with the help of the Bethe ansatz
along the lines of Ref. [36℄. This leads to c =
√
Az/2 with Az as given in Eq. (4.3) of [36℄. The
formulas (3.7) and (3.8) are therefore parameter free.
To nd the boundary ontributions, as for example the boundary free energy dened in Eq. (1.3),
one has to go beyond the free boson model (3.1). When deriving the low-energy eetive theory
for the XXZ model, one nds in addition to the free boson model (3.1) innitely many irrelevant
terms. These terms either stem from band urvature (orretions to the linear dispersions around
the Fermi points) or from the interation term. For ∆ lose to 1 the leading irrelevant term is given
by
δH = λ
∫ L+a
0
dx cos(
√
8piKφ). (3.9)
It is the bosonized version of Umklapp sattering where two left moving eletrons get sattered
to right movers or vie versa interhanging a reiproal lattie vetor. This term beomes relevant
for ∆ > 1 and is responsible for the opening of an exitation gap in this regime. For the isotropi
ase, ∆ = 1, Umklapp sattering is marginally irrelevant and leads to important orretions to the
results obtained for the free boson model. Due to the integrability of the XXZ model the amplitude
λ of the Umklapp term an be obtained exatly as well [38℄. In Ref. [16, 17℄ the free energy and
the suseptibility orretions to the free boson result to rst order in the Umklapp sattering have
been alulated. For the suseptibility the following orretion was obtained
δχuni1 =
2λ
T 2
( pi
N
)2K
η6K
(
e
− piv
TL
) ∫ 1/2
0
dy
g0
(
y, e−
piv
KLT
)
θ2K1
(
piy, e−
piv
2TL
)
(3.10)
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with
g0 (y, q) = −
∑
Sz
S2z cos(4piSzy)q
S2z∑
Sz
qS
2
z
+
(∑
Sz
cos(4piSzy)q
S2z
)(∑
Sz
S2zq
S2z
)
(∑
Sz
qS
2
z
)2 . (3.11)
In addition, there is also the boundary orretion related to the parameter a in (3.5). Expanding
in this parameter to lowest order we nd
δχuni2 =
piva
KT 2L3
g2
(
e
− piv
KLT
)
(3.12)
where
g2 (q) =
∑
Sz
S4zq
S2z∑
Sz
qS
2
z
−
(∑
Sz
S2zq
S2z
)2
(∑
Sz
qS
2
z
)2 . (3.13)
a plays the role of a lattie onstant and its value an be determined for ∆ < 1 (K > 1) by the
Bethe ansatz and is given by [20, 21℄
a = 2−1/2 sin [piK/(4K − 4)] / cos [pi/(4K − 4)] . (3.14)
The uniform part of the suseptibility of a nite hain is therefore given by χuni(L, T ) = χuni0 (a ≡
0) + δχuni1 + δχ
uni
2 . The orretions to the uniform zeroth order suseptibility χ
uni
0 (a ≡ 0) are
important here beause in the thermodynami limit they give the boundary suseptibility χB. In
this limit g2
(
e
−piv/(KLT )
)→ K2T 2L2/(2pi2v2) and therefore
χB,1 = lim
L→∞
Lχuni2 =
Ka
2piv
. (3.15)
This is just a onstant ontribution to the boundary suseptibility. Muh more important is the
boundary ontribution stemming from δχuni1 . Here we nd
χB,2 = lim
L→∞
Lχuni1 = −λ
(
K
v
)2
B(K, 1− 2K)[pi2 − 2ψ′(K)]
(
2piT
v
)2K−3
, (3.16)
with B(x, y) = Γ(x)Γ(y)/Γ(x+y), ψ′(x) = dψ(x)/dx, and ψ(x) being the digamma funtion. Note
that for 1 < K < 3/2 (1/2 < ∆ < 1) the boundary spin suseptibility χB shows a divergent
behavior ∼ 1/T 3−2K as temperature dereases.
3.1. The isotropi point
At the isotropi point Umklapp sattering beomes marginal and simple perturbation theory is
no longer suient. In this ase we have to replae the Umklapp sattering amplitude by a running
oupling onstant g(L, T ) whih obeys a known set of renormalization group equations [38℄
1/g + ln(g)/2 = ln
(√
2/pie1/4+γmin[L, v/T ]
)
. (3.17)
Here γ ≈ 0.577 is Euler's onstant and for the isotropi ase onsidered here, the spin veloity is
v = Jpi/2. The uniform suseptibility is then given by
χuni(N, T ) = χuni0 + δχ
uni
1 (3.18)
where K → 1+ g(L, T )/2 in the exponentials of (3.5) and λ→ g(L, T )/4 in (3.10). In this ase the
parameter a in (3.5) is not determined by (3.14) and has to be used as a tting parameter.
In the thermodynami limit we an again split the suseptibility (3.18) into a bulk and a
boundary part. For the bulk suseptibility this yields the result rst derived by Lukyanov [38℄
χbulk =
1
pi2
(
1 +
g(T )
2
+
3g3(T )
32
+
√
3
pi
T 2
)
. (3.19)
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Here we have also added the g3 orretion from Umklapp sattering as well as a T 2-term whih
stems from irrelevant operators with saling dimension 4 desribing band urvature. The running
oupling onstant g(T ) is given by (3.17) with L =∞. In the inset of Fig. 3 this formula is displayed
in omparison to the numerial results. For the boundary suseptibility, on the other hand, we nd
χB =
a
pi2
+
g
12T
+
g2
8T
(
0.66− Ψ
′′(1)
pi2
)
+O(g3) . (3.20)
where we inluded seond order orretions in g as derived in [17℄. The omparison of this formula
with a = 1.5 and numerial results is shown in the main panel of Fig. 3.
Finally, also the result for the staggered part of the suseptibility given in Eq. (3.7) has to be
modied at the isotropi point. Here we nd [37℄
χstj = −
1
(2pi3g˜)1/4T
(
pi
N + 1
)1/2 η3/2 (e− pivTL )
θ
1/2
1
(
pij
N+1 , e
− piv2TL
)∑mm sin[2pimj/(N + 1)]e−pivm2(1−g˜)/(LT )∑
m e
−pivm2(1−g˜)/(LT )
.
(3.21)
Now the running oupling onstant g˜ also depends on the distane of site j from the boundary and
is given by
1/g˜ + ln(g˜)/2 = ln
(
min[C0x,C0(L− x),
√
pi/2e1/4+γ/T ]
)
(3.22)
where the onstant C0 is not known and has to be used as a tting parameter. Note, however, that
for low temperatures and x, L − x ≫ 1 the value of C0 beomes irrelevant and our result for χj
therefore again parameter-free. If we onsider the thermodynami limit of Eq. (3.21) we nd
χstj =
(
23
pi7g˜
)1/4
1
1− g˜
x√
1
2T sinh (4Tx)
. (3.23)
A omparison of this formula with numerial data is shown in Fig. 2. The agreement is good but
not perfet. The main problem here is that the temperature and the length sale set by the distane
from the boundary are ompeting. The renormalization group equations, however, annot be solved
with both sales present. The formula (3.22) is derived in the limit when only one of those sales
matter and the orretions an be signiant if this is not the ase.
4. The averaged suseptibility and a omparison with experimental data
In an atual rystal we have imperfetions and impurities whih limit the length of a spin hain
segment. It is important to emphasize again that any weakening of a link is a relevant perturbation
in the renormalization group sense. It is therefore expeted to be a good approximation to assume
that at low temperatures we have spin hain segments with open boundary onditions. As long as
we do not know in detail how these defets are distributed it seems to be reasonable to assume
a Poisson distribution, i.e., the probability of having an impurity at site j is not inuened by
the other impurities. We might, however, expet this assumption to break down for large impurity
onentrations where some sort of impurity order might set in. Using a Poisson distribution we have
a normalized probability P (N) = p(1 − p)N to nd a hain segment with N sites if the impurity
onentration is p. Any measurement then orresponds to taking an average over this ensemble of
hain segments. For the suseptibility, for example, we nd
χp = p
2
∑
N
N(1− p)Nχ(N) . (4.1)
Note that in a bulk measurement only the uniform part of the suseptibility ontributes. The
staggered part anels out. Using the formula (3.18) we an immediately alulate the average
suseptibility χp. It is, however, very useful and instrutive to derive a muh simpler approximate
formula. To this end, we notie that we have two dierent regimes for a nite spin hain. If
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Figure 6. Measured suseptibility T (χ−χconst) for Sr2Cu1−xPdxO3+δ with impurity onentra-
tions x = 0%, 0.5%, 1%, 3% (rosses from bottom to top) from Ref. [5℄. Here a onstant χconst) as
given in table 1 has been subtrated from the experimental data. Subsequent urves are shifted
by 5 × 10−3. For omparison theoretial results aording to (4.2) with γ = 1 are shown with
an eetive impurity onentration p as given in table 1.
the temperature is larger than the nite size gap, T/J > 1/N , we an approximate χ(N) ≈
χ
bulk
+ χB/N . If, one the other hand, T/J < 1/N we expet to see more or less the ground state
properties of the nite hain. This means, aording to Eq. (3.6), that there will be no ontribution
when the hain length is even while χ(N) ≈ 1/(4TN) if the hain length is odd. We an therefore
introdue a length Nc = γJ/T where this rossover ours. Here γ is a parameter whih we expet
to be of order 1. For the average suseptibility we an therefore write
χp ≈ p
2
4T
Nc∑
N odd
(1− p)N + p2
∞∑
N=Nc
(Nχ
bulk
+ χB)(1 − p)N (4.2)
=
p
4T
1− p
2− p
(
1− (1 − p)γ/T
)
+ (1− p)γ/T
[(
1− p+ pγ
T
)
χ
bulk
+ pχB
]
where χbulk is given by Eq. (3.19) and χB by Eq. (3.20).
An interesting experiment has been performed by Kojima et al. [5℄ where Palladium has been
doped into the spin hain ompound Sr2CuO3. The Pd ions then replae the Cu ions, at as non-
magneti impurities, and ut the hain into nite segments. A ompliation in the analysis of this
experiment ours beause even the undoped Sr2CuO3 samples already have a substantial amount
of hain breaks. It is believed that this is mainly a onsequene of exess oxygen, i.e., we are in
reality dealing with Sr2CuO3+δ. In a simple piture, an exess oxygen ion pulls two eletrons out
of the opper hain. If these holes are relatively immobile this also orresponds to a hain break. In
the omparison of the experimental data for Sr2Cu1−xPdxO3+δ and formula (4.2) shown in Fig. 6
we therefore use p as an eetive impurity onentration inorporating both the hain breaks
due to exess oxygen and due to the non-magneti Pd ions. Furthermore, we have subtrated a
onstant ontribution χconst from the experimental data whih is expeted to be present due to
ore diamagnetism and Van Vlek paramagnetism. The values for p and χconst whih yield the
best t of the experimental data are shown in table 1. For Pd onentrations of x = 0.5% and
x = 1% the obtained values for p are onsistent with the piture of having a ertain amount of
hain breaks due to exess oxygen already in the undoped ompound. For x = 3%, however, this
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Table 1. Conentration x of Pd ions in experiment ompared to hain break onentration p and
onstant ontribution χconst yielding the best theoretial t. The rst line orresponds to the
as grown sample of Sr2CuO3+δ from Ref. [1℄.
x (Exp.) p (Theory) χconst [emu/mol℄
0.0 0.006 −7.42× 10−5
0.005 0.012 −7.7× 10−5
0.01 0.014 −7.5× 10−5
0.03 0.024 −7.5× 10−5
piture seems to fail. Reasons for this ould be either on the experimental side (perhaps not all
Pd ions really go into the sample, or some go in interstitially) or in the theoretial desription. If,
for example, the Pd ions tend to luster above a ertain onentration, then our assumption of a
Poisson distribution beomes inorret.
5. The Knight shift and the role of interhain ouplings
As already mentioned, the staggered part of the suseptibility annot be observed in a bulk
measurement. This, however, is possible by NMR beause here the resonane frequeny gets shifted
by the loal magneti eld. This so-alled Knight shift Kj an therefore be diretly related to the
loal suseptibility. For a hain of length N it is given by
K
(N)
j = (γe/γn)
∑
j′
Aj−j
′
χ
(N)
j′ (5.1)
where γe (γn) is the eletron (nulear) gyromagneti ratio, respetively and Aj−j′ the hyperne
oupling tensor. It is usually suient to take only A0 and A±1 into aount beause of the short-
range nature of the hyperne interation.
To ompare with experiment, we assume again a Poisson distribution of hain breaks so that
the measured Knight shift is given by an average over all possible hain lengths. Furthermore, eah
site in a hain of length N gives a dierent Knight shift aording to (5.1). If we assume that eah
of these Knight shifts has a Lorentzian lineshape with width Γ we nd for the NMR spetrum
P (K) =
Γ
pi
∞∑
N=1
p(1− p)N−1
N
N∑
j=1
1
(K −K(N)j )2 + Γ2
. (5.2)
Using the results for the uniform (3.18) and the staggered part (3.21) we an now immediately
alulate the NMR spetrum for an ensemble of isotropi Heisenberg hain segments and ompare
to experimental data for Sr2CuO3 obtained by Takigawa et al. [6, 7℄. We use J = 2200 K as
exhange onstant in (1.1) and hyperne oupling onstants A0c/(2~γn) ≈ −13 T, A0ab/(2~γn) ≈ 2
T, and A1/(2~γn) ≈ 4 T [39℄. Here the index denotes the magneti eld diretion. We alulate the
spetrum as a funtion of h = (1 +K)h0res and use h
0
res = 7.598 T. For the resonane eld ν = 86
MHz used in the experiment [6℄ this is onsistent with h0res = ν/γn where γn ≈ 11.3 MHz/T [40℄.
A omparison of formula (5.2) for this set of material-dependent parameters with experiment is
shown in Fig. 7. Here the impurity onentration p and the Lorentzian linewidth Γ have been used
as tting parameters. Note that the sample used for the NMR experiment has been annealed thus
dramatially reduing the amount of exess oxygen and the assoiated hain breaks ompared to
the sample used for the suseptibility measurement shown in Fig. 6. The theory predits a entral
peak orresponding to the bulk suseptibility value and two shoulders with separation∆h (see urve
'theory I' in Fig. 7) whih are aused by the maxima of the loal suseptibility (see, for example,
Fig. 2). Theoretially, we nd that ∆h ∼ h0res
√
v/T ln1/4(v/T ), i.e., the separation of the shoulders
11
J. Sirker
7.5 7.55 7.6 7.65 7.7
h [T]
In
te
ns
ity
 [A
rb
. u
nit
s] T = 30 K
h || a
theory I
experiment theory II
∆h
Dh
δh
Figure 7. NMR spetrum for Sr2CuO3 at T = 30 K taken from [6℄. In omparison the theoretial
results for a single hain with a Poisson distribution of hain breaks (theory I) and for the ase
where also interhain ouplings (J⊥ = 5 K) are taken into aount (theory II) are shown. In
both ases p = 5× 10−4, Γ = 4× 10−4, and h0res = 7.598 T. The material-dependent parameters
are given in the text.
inreases ∼ 1/√T with dereasing temperature. This is in agreement with experimental ndings
[6℄. The entral peak, however, has a muh more omplex struture than predited. The peak is
split (feature δh in Fig. 7) and has prominent shoulders (feature Dh in Fig. 7). These features
are only observed in experiment at temperatures T . 60 K, whereas at higher temperatures the
theoretial predition agrees well with experimental data (not shown).
To explain the additional features in the NMR spetra at T . 60 K we have to take the
interhain oupling into aount. Sr2CuO3 shows three-dimensional Neel ordering at TN ∼ 5 K.
Aording to the usual hain mean eld argument the interhain oupling should therefore also
be of order J⊥ ∼ 5 K. This estimate is onsistent with band struture alulations [8℄. As we
have already demonstrated numerially in Fig. 4, a ladder-like interhain oupling as present in
Sr2CuO3 leads to a reetion of suseptibility osillations. Therefore another typial Knight shift
is expeted to be present in the NMR spetra, related to the maxima of the reeted osillations.
As long as J⊥/T ≪ 1 we an alulate this eet perturbatively. Starting from the denition of
the loal suseptibility given in Eq. (1.2) we obtain to rst order
χ
(1)
j,1 = −
J⊥
T 2
∑
k
〈Szj,1Szk,1〉︸ ︷︷ ︸
Gzz1 (j−k)
〈Sztot,2Szk,2〉︸ ︷︷ ︸
χk,2
. (5.3)
Here, the lower index 1 stands for the innitely long hain without hain breaks whereas the lower
index 2 denotes the hain with a hain break at site k = 0. Both, the two-point orrelationGzz1 (j−k)
and the loal suseptibility χk,2 have a uniform and a staggered part in the low temperature limit.
We therefore nd χ
(1)
j,1 ≈ χuni(1)j,1 + (−1)jχst(1)j,1 with χuni(1)j,1 = −J⊥χuni(0)1 χuni(0)2 /T and
χ
st(1)
j,1 = −
J⊥
T
(−1)j
∑
k
χstk,2G
zz,st
1 (j − k) . (5.4)
Here Eq. (3.8) has to be used for χstk,2 while G
zz,st
1 (j−k) = 〈Szj Szk〉st = c2/
[
v
piT sinh(
piT
v |j − k|)
]K
is
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the staggered part of the bulk two-point orrelation funtion. In Fig. 4, formula (5.4) is ompared
with the numerial result and good agreement is found.
If we take these reetions into aount, then also the additional features in the NMR spetra
are explained as shown in Fig. 7 (urve 'theory II'). In partiular, the shoulders with separation
Dh diretly orrespond to the maxima of the reeted suseptibility osillations. The splitting
of the peak δh is of dierent origin. It is in fat not a splitting but rather a loss of intensity at
the value whih orresponds to the bulk suseptibility. The osillations and reeted osillations
spread over the entire rystal at low temperatures so that there are simply no sites left whih show
bulk behavior. Rather interestingly, the peak usually assoiated with the bulk suseptibility value
therefore turns into a dip at low temperatures due to the presene of hain breaks and interhain
ouplings.
Finally, we also want to shed some light on the role played by the geometry of the interhain
ouplings. To this end, we onsider an interhain oupling as shown in Fig. 1(). Suh a oupling
is realized in SrCuO2 with a ferromagneti J⊥ ∼ [−0.1 J,−0.3 J ] [1, 8℄. Using again rst order
perturbation theory we nd in this ase
χ
(1)
j,1 = −
J⊥
T 2
∑
k
〈Szj,1Szk,1〉︸ ︷︷ ︸
Gzz1 (j−k)
〈Sztot,2(Szk−1,2 + Szk,2)〉︸ ︷︷ ︸
χk−1,2+χk,2
. (5.5)
Separating this into a uniform and a staggered part we nd χ
uni(1)
j,1 = −2J⊥χuni(0)1 χuni(0)2 /T and
χ
st(1)
j,1 = −
J⊥
T
(−1)j
∑
k
(χstk,2 − χstk−1,2)︸ ︷︷ ︸
≈0
Gzz,st1 (j − k) . (5.6)
Therefore no reetions will our in this ase to rst order in perturbation theory onsistent with
the numerial results shown in Fig. 5. This also means that an NMR spetrum for SrCuO2 would
not show any shoulders assoiated with the oupling to the nearest neighbor hain. Reetions in
hains further away might, however, be still possible whih then would again lead to additional
strutures in the NMR spetra at low temperatures.
6. Summary and Conlusions
We have investigated here how hain breaks and interhain ouplings aet the physial prop-
erties of spin hain ompounds. A weak oupling of two Heisenberg hains is an irrelevant per-
turbation in the renormalization group sense whereas the weakening of a bond in an otherwise
homogenous hain is relevant. Open boundary onditions are therefore the stable x point. Due
to this reasoning it is expeted that a wide lass of perturbations like impurities or disloations
present in any real ompound an be eetively desribed at low energies as a hain break. An
experimental measurement then orresponds to taking an average over an ensemble of nite hain
segments with open boundaries.
By ombining a low-energy eetive eld theory with Bethe ansatz we have derived parameter-
free formulas for the thermodynamis of nite spin-1/2 Heisenberg hains with open boundary
onditions. Partiular emphasis was put on a alulation of the suseptibility. Due to the broken
translational invariane there exists a site-dependent staggered suseptibility in addition to the
uniform site-independent part. However, even the uniform part is aeted by the open boundary
onditions in the sense that a surfae ontribution arises whih is not present for periodi boundary
onditions.
We have shown that suseptibility measurements on Sr2CuO3 doped with non-magneti Pd ions
are well desribed by the theory presented here. One of the ompliations arising for this ompound
is, however, that even the undoped sample apparently already has a relatively large amount of hain
breaks whih are believed to be aused by exess oxygen. The impurity onentration used in the
theory to t the experimental data therefore diers signiantly from the nominal Pd onentration.
The emerging piture nevertheless seems to be onsistent - at least at low impurity onentrations
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- with a xed onentration of additional hain breaks already present in the undoped sample. It
would ertainly be of some value to obtain experimental data for this or some other spin-hain
ompound where the impurity onentration is well ontrolled and a diret omparison with theory
therefore possible.
Furthermore, we used the eld theory to alulate NMR spetra. Importantly, the Knight
shift is proportional to the loal suseptibility so that the staggered site-dependent part of the
suseptibility, whih annot be observed in a bulk suseptibility measurement, beomes observable.
As has already been shown previously [6℄, the staggered suseptibility leads to a broad bakground
in the NMR spetra with edges aused by the maxima of the staggered suseptibility. For Sr2CuO3
it has, however been found that the NMR spetra at low temperatures show puzzling additional
features whih have been asribed in [7℄ to a oupling to phonons. Here we have shown that these
features quite naturally arise in a spin-only model if the known interhain ouplings are taken
into aount. It is also important to note that the geometry of the interhain ouplings is ruial.
As a spei example we onsidered in addition to the ladder-like interhain oupling relevant for
Sr2CuO3 also the zigzag-like interhain oupling realized in SrCuO2. In the latter ase no additional
strutures in the NMR spetra related to this interhain oupling will our. NMR experiments
on spin hain ompounds are therefore not only helpful to study impurity eets, they an also be
used to investigate the geometry and strength of interhain ouplings.
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